Abstract. We introduce and study a new kind of congruent number problem on the right trapezoid.
Introduction
A congruent number is a positive integer that is the area of a right triangle with three rational number sides. In other words, n is a congruent number if and only if there is a right triangle with rational sides a, b, c ∈ Q + such that
Let x = n(a + c)/b, y = 2n 2 (a + c)/b 2 , we get a family of elliptic curves
Conversely, if we have rational solutions (x, y) on the elliptic curve E n with y = 0, then the rational numbers a = 2nx y , b = x 2 − n 2 y , c = x 2 + n 2 y are the sides of a right triangle with area n.
Due to the homogeneity of the condition a 2 + b 2 = c 2 , we only need consider the square-free positive integers. Determining whether a given square-free positive integer is a congruent is the congruent number problem. It has not yet been solved in general. Many mathematicians studied this problem, such as Fibonacci, Fermat and Euler. For more information about this problem, we can refer to [1, 2, 4, 5, 6] .
In particular, there is a generalized congruent number problem. A positive integer n is called t-congruent number (see [6] ) if there are positive rational numbers a, b, c such that
The case t = 1 corresponds to the classical congruent number problem. Its corresponding elliptic curve is E n,t : y 2 = x(x − n t )(x + nt).
When d = 0, n is the classic congruent number with a, b, c ∈ Z + . By this definition, we have
Figure 1.
From the property of Pythagoras triples, we have (a − d, b) = 1, and a − d, b have opposite parity. Then
where x > y, (x, y) = 1, and x, y have opposite parity. Observing this, we have Proposition 1.1. A positive integer n is i-congruent number if and only if n = pk, where p is any odd prime and k ≥
where k is any odd integer.
The i-congruent numbers in Proposition 1.1 may coincide in some cases, the intersection set of them less than 100 is {6, 18, 30, 42, 50, 54, 60, 70, 78, 84, 90, 98, 100}.
On the other hand, n > 1 is non-i-congruent number if and only if n has the following form For some i-congruent numbers m, there might be many right trapezoids having the area n. By Proposition 1.1 and its proof, for any positive integer m, there are infinitely many congruent integers n such that we have m or more right trapezoids which have the area n, it is only to need take n = p 1 · · · p m n , where p i is the i-th prime and n ≥ 
Next, we give the definitions of two new kinds of congruent numbers. Definition 1.2. A positive integer n is called k-congruent number, if it is the area of the right trapezoid ( Figure 1 ) with a, b, c, d For k-congruent number and d-congruent number, we have Proposition 1.5. For every positive integer n, there exists a k such that n is k-congruent number.
Theorem 1.6. For every positive integer n, there exists a d such that n is dcongruent number.
In section 2, we will give the proofs of propositions and theorems. We consider the family of elliptic curves about k-congruent numbers in section 3, and prove two propositions about d-congruent numbers in section 4.
Proofs of Propositions and Theorems
Proof of Proposition 1.1. By Definition 1.1, n is an i-congruent number if and only if the Diophantine system
has non-negative integer solutions. Solving them, we get
Hence, when a − d be even, a, d are non-negative integers if and only if n = (x 2 − y 2 )k, k ≥ xy, and when a − d be odd a, d are non-negative integers if and only if n = (x 2 − y 2 )k, k ≥ xy. Because every odd prime can be presented by the difference of two coprime integers, so the positive integer n = pk is i-congruent number, where p is odd prime and k ≥
4 . Next, we will prove the opposite direction is also right. Let
, and x, y have opposite parity. If
4 . By the same method, the positive integer n = 2 i k, k ≥ 2 2i −1, i ≥ 1 is i-congruent number, where k is odd integer, only if we let x = 2 i , y = 1 in n = xyk. Next, we want to prove the opposite direction is also right. Let n = xyk, k ≥ x 2 − y 2 , x > y, (x, y) = 1, and x, y have opposite parity. If 2 i ||xy, we can put xy = 2 i t, 2 t,
where k is an odd integer.
Proof of Proposition 1.2. We only need to prove the case for
It's easy to see that for a fix odd prime, when x is large enough, the number of i-congruent numbers n in the interval [ 
4 has the proportion 1/p. By the Pigeonhole principle, taking p be the first s primes, under the above condition, the number of i-congruent numbers in the interval [1, x] has the proportion
where p j is the j-th prime. Since
hence almost every positive integer is i-congruent number. ). Let π(x) be the prime function, the number of the first term in ( * ) is
In the following, we consider the third term, i.e.,
In view of
log x is an increasing function, then
Similarly, by the prime number theorem and the identity
where c 1 is a constant, we get
At last, we estimate
3
. Let c n = 1, n is a pime, 0, n is not a pime, and f (n) = x/n log(x/n) .
By the prime number theorem and the sum formula of Abel, we get
Taking t = x u in the above integral, we have
Combining the above sum formulas, the number of non-i-congruent numbers less than x is cx log x , where c = 1 + ln 2. 
because of the repeated cases and the parity, the number of the pair (s, t) satisfying the above inequity great than g(x). Noting that
we have s ≤ 3 x/t + t. Then
On the other hand, for any integer t, taking s = [ 3 x/t], we have
Combining these, we complete the proof of Proposition 1.4.
Next, we use some facts about congruent numbers to prove Proposition 1.5 and the theory of elliptic curve to prove Theorem 1.6.
Proof of Proposition 1.5. From (1.2), we know that for k = 1, the right trapezoid degenerates into a rectangle. It's easy to see that there are a = d = 2 t , c = b = t 2 such that the area is 1, then 1 is a k-congruent number. This is a trivial case. In the following, we consider the case k ≥ 2.
Let
we get a family of elliptic curves
For a given k ≥ 2, E n,k is the special case of congruent number curve, we call it k-congruent number curve. Noting that n 3 − n is a congruent number, let k = n, then E n,n has positive rank, which leads to n is a n-congruent number.
Therefore, for every positive integer n, there exists a k such that n is k-congruent number.
For examples, when k = n = 2, from E 2,2 , we have such that 3 is a 3-congruent number.
Proof of Theorem 1.6. Let
in (1.3), we get a family of elliptic curves
We call it d-congruent number curve. To prove for every positive integer n there are a, b, c, d satisfying (1.3), let d = 3n, we get
The discriminant of E n,3n is ∆ = (4 + 81n 2 )n 6 . When n ≥ 1, we have ∆ > 0, this means that E n,3n is nonsingular.
To find a solution a, b, c, d satisfying (1.3), we need to find a suitable point on E n,3n . Noting that the point P = (−6n 2 , 3n 2 ) lies on E n,3n , using the group law on the elliptic curve, we obtain the point
216 .
It's easy to see that the x-coordinate of the point [2]P is not in Z for every n ≥ 1. By the Nagell-Lutz Theorem (see p. 56 of [3] ), for all n ≥ 4 the point [2] P is of infinite order. Then there are infinitely many rational points on E n,3n . Moreover, the point [2] P is the exact point such that a, b, c, d = 3n satisfying (1.3), which leads to
(1 + 9n)(729n 3 + 81n 2 + 27n − 1) , c = 43046721n 8 + 2125764n 6 + 39366n 4 + 1620n 2 + 1 6(1 + 81n 2 )(1 + 9n)(729n 3 + 81n 2 + 27n − 1) .
For every n ≥ 1, we have a, b, c ∈ Q + . Therefore, for every positive integer n, there exists a d such that n is d-congruent number.
For examples, when n = 1, 2, 3, from the elliptic curve E n,3n , we have such that 3 is a 9-congruent number.
Further Consideration on E n,k
In the proof of Proposition 1.5, we get a family of elliptic curves
E n,k has four integer points
and the point at infinity. In [1] , the author listed some classes of congruent numbers. For examples,
are congruent numbers for α, β ∈ Z + . Then we have Proposition 3.1. For a fixed k ≥ 2, there are infinitely many positive integers n which are k-congruent numbers.
Therefore, for a fixed k ≥ 2, there are infinitely many positive integers n = k 2 + 1 which are k-congruent numbers.
Next, we consider the problem for a fixed n whether there are infinitely many k such that n is a k-congruent number. Noting that m 3 − m is a congruent number, we consider the Diophantine equation
For every n > 1, this equation has three integer solutions (k, m) = (n, n), (8n − 3, 4n − 1), (8n + 3, 4n + 1).
Hence, for each n ≥ 2, there are at least three k such that n is a k-congruent number.
In view of (k 4 − 1)u 2 is a congruent number for each k > 1, then there are infinitely many k such that u 2 is a k-congruent number. By (k 2 − 1)n = α 4 − β 4 , we consider the Diophantine systems
which lead to the Pell's equation
When λ = 1, it's easy to prove they have infinitely many integer solutions for n = 2, 5. When λ = 2, the same result holds for n = 10, 13, 52. When λ = 3, the same result holds for n = 13, 17, 27, 30, 45. When λ = 4, the same result holds for n = 17, 18, 26, 32, 50, 68, 80. Then there are infinitely many k such that 2, 5, 10, 13, 17, 18, 26, 27, 30, 32, 45, 50, 52, 68, 80 are k-congruent numbers.
In the following table, we give some integer solutions of (k 2 − 1)n = α 4 − β 4 for 1 < n ≤ 10. Hence, we raise the following problem Problem 3.2. For each n ≥ 2, whether there are infinitely many k such that n is a k-congruent number.
By Tunnell's theorem [7] about congruent numbers, we have (1) For a given k ≥ 2, n is a k-congruent number.
(2) If (k 2 − 1)n is odd, then the number of triples of integers (x, y, z) satisfying 2x 2 + y 2 + 8z 2 = (k 2 − 1)n is equal to twice the number of triples satisfying 2x 2 + y 2 + 32z 2 = (k 2 − 1)n. If (k 2 − 1)n is even, then the number of triples of integers (x, y, z) satisfying 8x 2 + 2y 2 + 16z 2 = (k 2 − 1)n is equal to twice the number of triples satisfying 8x 2 + 2y 2 + 64z 2 = (k 2 − 1)n.
Further Consideration on E n,d
In the proof of Theorem 1.6, we get a family of elliptic curves 
